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yj,fn + ǫfn. ✭✶✮
■♥ t❤✐s ❞♦♠❛✐♥✱ xfn r❡♣r❡s❡♥ts t❤❡ I×1 ✈❡❝t♦r ❝♦♥t❛✐♥✐♥❣ t❤❡ ♠✐①t✉r❡ ❙❚❋❚
❝♦❡✣❝✐❡♥ts ✐♥ t✐♠❡✲❢r❡q✉❡♥❝② ❜✐♥ (n, f)✱ ✱ ✇❤❡r❡ I ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❛♥♥❡❧s✳
yj,fn r❡♣r❡s❡♥ts t❤❡ I × 1 ✈❡❝t♦r ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ s♣❛t✐❛❧ ✐♠❛❣❡ ♦❢ s♦✉r❝❡ j ♦♥
❛❧❧ ♠✐①t✉r❡ ❝❤❛♥♥❡❧s ✐♥ t❤❡ s❛♠❡ t✐♠❡✲❢r❡q✉❡♥❝② ❜✐♥✳ ❋✐♥❛❧❧② ǫfn ✐s t❤❡ ♥♦✐s❡
✐♥ t❤❡ ❙❚❋❚ ❞♦♠❛✐♥✳ ❲❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤ s♦✉r❝❡ ✐♠❛❣❡ ❢♦❧❧♦✇s ❛ ③❡r♦✲♠❡❛♥
❝♦♠♣❧❡①✲✈❛❧✉❡❞ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥
yj,fn ∼ N (0, vj,fnRj,f ), ✭✷✮
✇❤❡r❡ Rj,f ✐s ❛♥ I × I ♠❛tr✐① ♦❢ r❛♥❦ Rj ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ s♣❛t✐❛❧ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① ❛♥❞ r❡♣r❡s❡♥ts t❤❡ s♣❛t✐❛❧ ❝❤❛r❛❝t❡r✐st❝s ♦❢ s♦✉r❝❡ j ❛♥❞ ♦❢ t❤❡ ♠✐①✲
✐♥❣ s②st❡♠✱ ❛♥❞ vj,fn ✐s ❛ s❝❛❧❛r s♣❡❝tr❛❧ ♣♦✇❡r ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ s♣❡❝tr❛❧
❝❤❛r❛❝t❡r✐st✐❝s ♦❢ s♦✉r❝❡ j✳
❚❤✐s ♠♦❞❡❧ ❝❛♥ ❛❧t❡r♥❛t✐✈❡❧② ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❢♦❧❧♦✇s ❬✺❪✳ Rj,f ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s Rj,f = Aj,fA
H
j,f ✱ ✇❤❡r❡ Aj,f ✐s ❛ I×Rj ❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡①✲✈❛❧✉❡❞
♠✐①✐♥❣ ♠❛tr✐① ♦❢ r❛♥❦ Rj ❢♦r s♦✉r❝❡ j✳ ❋♦r ❡❛❝❤ s♦✉r❝❡ j✱ ✇❡ ❞❡✜♥❡ Rj s♦✉r❝❡
❝♦♠♣♦♥❡♥ts sjr,fn ❞✐str✐❜✉t❡❞ ❛s
sjr,fn ∼ N (0, vj,fn). ✭✸✮
❉❡♥♦t✐♥❣ ❜② R =
∑J
j=1Rj t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts✱ t❤❡
s♦✉r❝❡ ❝♦❡✣❝✐❡♥ts ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s
sfn = [s
T
1,fn, . . . , s
T




✇❤❡r❡ sfn ✐s ❛♥ R× 1 ✈❡❝t♦r ♦❢ s♦✉r❝❡ ❝♦❡✣❝✐❡♥ts ✇✐t❤
sj,fn = [sj1,fn, . . . , sjr,fn, . . . , sjRj ,fn]
T . ✭✺✮
❍❡♥❝❡✱ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡s ✐♥ t✐♠❡✲❢r❡q✉❡♥❝② ❜✐♥ (f, n) ✐s
❣✐✈❡♥ ❜②
sfn = N (0,Σs,fn), ✭✻✮
✇❤❡r❡ Σs,fn ✐s ❛♥ R×R ❞✐❛❣♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❝♦♥s✐st✐♥❣ ♦❢ vj,fn r❡♣❡❛t❡❞
Rj t✐♠❡s ❢♦r ❡❛❝❤ s♦✉r❝❡ ❝♦♠♣♦♥❡♥t sjr,fn ♦❢ s♦✉r❝❡ j✳ ❋✐♥❛❧❧②✱ t❤❡ ♠✐①✐♥❣
❡q✉❛t✐♦♥ ✉s✐♥❣ t❤❡ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts ✐♥st❡❛❞ ♦❢ t❤❡ s♦✉r❝❡ s♣❛t✐❛❧ ✐♠❛❣❡s ❛s ✐♥
✭✶✮ ✐s ❣✐✈❡♥ ❜②
xfn = Afsfn + ǫfn. ✭✼✮
■♥r✐❛
❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✺
❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠✐①✐♥❣ s②st❡♠ A ✐s st❛t✐♦♥❛r②✳ ❙♦✱ t❤❡ ♠✐①✐♥❣ s②st❡♠ ✐s
❡①♣r❡ss❡❞ ❛s
Af = [A1,f , . . . ,Aj,f , . . . ,AJ,f ]. ✭✽✮
❋✐♥❛❧❧②✱ ✇❡ ❛ss✉♠❡ ❛ ●❛✉ss✐❛♥ ③❡r♦ ♠❡❛♥ ♥♦✐s❡ ✇✐t❤ ❛ ❝♦♥st❛♥t ♥♦✐s❡ ✈❛r✐❛♥❝❡
ǫfn ∼ N (0,Σb)✱ ✇❤❡r❡ Σb = σ2b I✳ ❚❤✐s ❣✐✈❡s ✉s t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❢♦r♠✉❧❛t❡ t❤❡






N (xfn|Afsfn, σ2b I), ✭✾✮
✇❤❡r❡ X = {xfn}n=1···N,f=1···F ❛♥❞ S = {sfn}n=1···N,f=1···F ✳
✶✳✷ ◆♦♥♥❡❣❛t✐✈❡ ❚❡♥s♦r ❋❛❝t♦r✐③❛t✐♦♥ ❛s ❛ ❙♣❡❝tr❛❧ ▼♦❞❡❧
❲❡ ❛ss✉♠❡ ❛ t❤r❡❡✲❧❡✈❡❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ ✈❛r✐❛♥❝❡s vj,fn ✐♥ ❛ ♥♦♥✲
♥❡❣❛t✐✈❡ t❡♥s♦r ❢❛❝t♦r✐③❛t✐♦♥ ✭◆❚❋✮ ❢❛s❤✐♦♥ ❬✺❪✳ ■♥ t❤❡ ✜rst ❧❡✈❡❧ ✇❡ ❛ss✉♠❡ t❤❛t






❆t t❤❡ s❡❝♦♥❞ ❧❡✈❡❧✱ t❤❡ ❡①❝✐t❛t✐♦♥ s♣❡❝tr❛❧ ♣♦✇❡r vexj,fn ✐s ❡①♣r❡ss❡❞ ❛s t❤❡
s✉♠ ♦❢ ❜❛s✐s s♣❡❝tr❛ s❝❛❧❡❞ ❜② t✐♠❡ ❛❝t✐✈❛t✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ❋✐♥❛❧❧②✱ ❛t t❤❡ t❤✐r❞
❧❡✈❡❧✱ t❤❡ ❜❛s✐s s♣❡❝tr❛ ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡ s✉♠ ♦❢ ♥❛rr♦✇❜❛♥❞ s♣❡❝tr❛❧ ♣❛tt❡r♥s
wexj,fl ✇❡✐❣❤t❡❞ ❜② s♣❡❝tr❛❧ ❡♥✈❡❧♦♣❡ ❝♦❡✣❝✐❡♥ts u
ex
j,lk✳ ❙✐♠✐❧❛r❧②✱ t❤❡ t✐♠❡ ❛❝t✐✈❛✲
t✐♦♥ ❝♦❡✣❝✐❡♥ts ❛r❡ r❡♣r❡s❡♥t❡❞ ❛s t❤❡ s✉♠ ♦❢ t✐♠❡✲❧♦❝❛❧✐③❡❞ ♣❛tt❡r♥s hexj,mn
✇❡✐❣❤t❡❞ ❜② t❡♠♣♦r❛❧ ❡♥✈❡❧♦♣❡ ❝♦❡✣❝✐❡♥ts gexj,km✳ ❚❤❡ s❛♠❡ ❞❡❝♦♠♣♦s✐t✐♦♥
❛♣♣❧✐❡s t♦ t❤❡ ✜❧t❡r s♣❡❝tr❛❧ ♣♦✇❡r vftj,fn✳ ❖✈❡r❛❧❧✱ t❤❡ ❝♦♠♣❧❡t❡ ❢❛❝t♦r✐③❛t✐♦♥





























❚❤✐s ❢r❛♠❡✇♦r❦ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❡①♣❧♦✐t ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t t❤❡ s♦✉r❝❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❤❛r♠♦♥✐❝✐t② ❝❛♥ ❜❡ ❡♥❢♦r❝❡❞ ❜② ✜①✐♥❣ wexj,fl ❛s
♥❛rr♦✇❜❛♥❞ ❤❛r♠♦♥✐❝ s♣❡❝tr❛ ❛♥❞ ❧❡tt✐♥❣ t❤❡ s♣❡❝tr❛❧ ❡♥✈❡❧♦♣❡ ❛♥❞ t❤❡ ❛❝t✐✈❡
♣✐t❝❤❡s ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ❞❛t❛ ✈✐❛ uexj,lk ❛♥❞ g
ex
j,km✱ r❡s♣❡❝t✐✈❡❧② ❬✺❪✳ ❋♦r ♠♦r❡
❞❡t❛✐❧s ❛♥❞ ❡①❛♠♣❧❡s ♦❢ ♣♦ss✐❜❧❡ s♣❡❝tr❛❧ ❛♥❞ t❡♠♣♦r❛❧ ❝♦♥str❛✐♥ts✱ s❡❡ ❬✺❪✳









j )⊙ (Wftj Uftj Gftj Hftj ), ✭✶✸✮
✇❤❡r❡ ⊙ ♠❡❛♥s ❡❧❡♠❡♥t✲✇✐s❡ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥✳
❘❚ ♥➦ ✹✷✸
✻ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t
✶✳✸ Pr✐♦r ❉✐str✐❜✉t✐♦♥s ❢♦r t❤❡ P❛r❛♠❡t❡rs
❊❛❝❤ ♣❛r❛♠❡t❡r ♠❛② ❜❡ ✜①❡❞ ♦r ❛❞❛♣t❡❞ t♦ t❤❡ ❞❛t❛✳ ■♥ ❛ ❢✉❧❧② ❇❛②❡s✐❛♥
tr❡❛t♠❡♥t✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥s ❢♦r t❤♦s❡ ♣❛r❛♠❡t❡rs ✇❤✐❝❤
❛r❡ ❛❞❛♣t❡❞ t♦ t❤❡ ❞❛t❛✳ ❲❡ ❛ss✉♠❡ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s♦✉r❝❡ ✈❛r✐❛♥❝❡s
❢♦❧❧♦✇ t❤❡ ♥♦♥✲✐♥❢♦r♠❛t✐✈❡ ❏❡✛r❡②s ♣r✐♦r J (x) ∝ 1
x
wexj,fl ∼ J , ✭✶✹✮
uexj,lk ∼ J , ✭✶✺✮
gexj,km ∼ J , ✭✶✻✮
hexj,mn ∼ J , ✭✶✼✮
wftj,fl′ ∼ J , ✭✶✽✮
uftj,l′k′ ∼ J , ✭✶✾✮
gftj,k′m′ ∼ J , ✭✷✵✮
hftj,m′n ∼ J . ✭✷✶✮
❋♦r t❤❡ ♠✐①✐♥❣ s②st❡♠✱ ✇❡ t❛❦❡ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ t❤❡ ❝❤❛♥♥❡❧s ❛♥❞
❜❡t✇❡❡♥ t❤❡ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠✐①✐♥❣
♠❛tr✐① Af ❛s ❛ ✇❤♦❧❡ ❛♥❞ ❞❡✜♥❡ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ❛❝❝♦r❞✐♥❣❧②✳ ❋✐rst✱ ✇❡
r❡s❤❛♣❡ t❤❡ ♠✐①✐♥❣ ♠❛tr✐① Af ✐♥t♦ ❛ ✈❡❝t♦r Af ✳ ❋♦r t❤✐s✱ ✇❡ ❝♦♥❝❛t❡♥❛t❡
t❤❡ r♦✇ ✈❡❝t♦rs ♦❢ Af ✐♥t♦ t❤❡ ❝♦❧✉♠♥ ✈❡❝t♦r Af ✳ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣r✐♦r
❞✐str✐❜✉t✐♦♥ ♦❢ Af t♦ ❜❡ ❛ ❝♦♠♣❧❡① ♠✉❧t✐✈❛r✐❛t❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❛s ❢♦❧❧♦✇s
Af ∼ N (µA,f ,ΣA,f ). ✭✷✷✮
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛ss✉♠❡ t❤❛t ΣA,f → +∞ s♦ t❤❛t t❤✐s ♣r✐♦r ✐s ❛❝t✉❛❧❧②
✢❛t✳
✶✳✹ ❏♦✐♥t ❉✐str✐❜✉t✐♦♥
❲✐t❤ t❤✐s ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥ ❛ss✉♠❡❞✱ ✇❡ ❝❛♥ ❢♦r♠✉❧❛t❡ t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥
p(X,Z)✱ ✇❤❡r❡ Z ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs




❚❤❡ log✲❞✐str✐❜✉t✐♦♥ ✐s t❤❡♥ ❣✐✈❡♥ ❜②
■♥r✐❛
❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✼
log p(X,Z) = log p(X|S,A) + log p(S|Wex,Uex,Gex,Hex,Wft,Uft,Gft,Hft)
+ log p(A) + log p(Wex) + log p(Uex) + log p(Gex) + log p(Hex)














































logN (Af |µA,f ,ΣA,f ). ✭✷✺✮
❘❚ ♥➦ ✹✷✸
✽ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t
✷ ❱❛r✐❛t✐♦♥❛❧ ■♥❢❡r❡♥❝❡
❲❡ ❛✐♠ t♦ ♦❜t❛✐♥ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs p(Z|X)✳
❍♦✇❡✈❡r ❡①❛❝t ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ✐s ✐♥tr❛❝t❛❜❧❡✳ ❚❤❡r❡❢♦r❡ ✇❡ r❡s♦rt t♦ ❛ ✈❛r✐✲
❛t✐♦♥❛❧ ❇❛②❡s✐❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❬✷❪✳
✷✳✶ ●❡♥❡r❛❧ ❆♣♣r♦❛❝❤
❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❛✐♠s t♦ ♦❜t❛✐♥ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ q(Z) ♦❢ t❤❡








▼❛r❣✐♥❛❧✐③✐♥❣ ♦✉t t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs Z ❢r♦♠ ✭✷✹✮ ❣✐✈❡s t❤❡ ♠❛r❣✐♥❛❧
❧✐❦❡❧✐❤♦♦❞ p(X) ♦r ❡✈✐❞❡♥❝❡✳ ❲❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❤♦❧❞s
log p(X) = L (q) +KL(q||p), ✭✷✼✮








■♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥✱ q(Z) ✐s t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs
✇❤✐❝❤ ✇❡ ✉s❡ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ tr✉❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ p(Z|X)✳ L (q)
✐s ❝❛❧❧❡❞ t❤❡ ❢r❡❡ ❡♥❡r❣② ❛♥❞ ✐t ✐s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ❧✐❦❡❧✐❤♦♦❞✳
▼❛①✐♠✐③✐♥❣ t❤✐s ❢r❡❡ ❡♥❡r❣② ✇rt✳ q(Z) ♠✐♥✐♠✐③❡s t❤❡ ❑▲✲❞✐✈❡r❣❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ q(Z) ❛♥❞ t❤❡ tr✉❡ ♣♦st❡r✐♦r ❬✷❪✳ ◆♦t❡ t❤❛t t❤❡
❑▲✲❞✐✈❡r❣❡♥❝❡ ✈❛♥✐s❤❡s ✇❤❡♥ q(Z) ✐s ❡q✉❛❧ t♦ t❤❡ tr✉❡ ♣♦st❡r✐♦r✳






■❢ ✇❡ ❡♠❜❡❞ t❤✐s ❢❛❝t♦r✐③❛t✐♦♥ ✐♥t♦ t❤❡ ❢r❡❡ ❡♥❡r❣② ❣✐✈❡♥ ✐♥ ✭✷✽✮ ❛♥❞ ❞✐ss❡❝t












qi log qidZi + ❝♦♥st, ✭✸✶✮
=
∫
qi log p˜(X,Zi)dZi −
∫






dZi + ❝♦♥st, ✭✸✸✮
✇❤❡r❡
■♥r✐❛






qi′dZi′ + const, ✭✸✹✮
= Ei′ 6=i[log p(X,Z)] + ❝♦♥st ✭✸✺✮
❛♥❞ t❤❡ ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t ✐s s✉❝❤ t❤❛t p˜(X,Zi) ✐s ❛ ♣r♦♣❡r ❞✐str✐❜✉t✐♦♥✳
◆♦✇✱ s✉♣♣♦s❡ t❤❛t ✇❡ ❦❡❡♣ qi′ 6=i ❝♦♥st❛♥t ❛♥❞ ♠❛①✐♠✐③❡ t❤❡ ❢r❡❡ ❡♥❡r❣②
s❤♦✇♥ ✐♥ ✭✷✽✮ ✇rt✳ qi✳ ❚❤❡ ♠✐♥✐♠✉♠ ♦❝❝✉rs ✇❤❡♥ qi(Zi) = p˜(X,Zi)✳ ❆s ❛
r❡s✉❧t✱ ✇❡ ♦❜t❛✐♥ ❛ ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡ s♦❧✉t✐♦♥ ❜② ♠❛①✐♠✐③✐♥❣ t❤❡ ❢r❡❡
❡♥❡r❣② ❛s ❢♦❧❧♦✇s
q∗i (Zi) = p˜(X,Zi). ✭✸✻✮
◆♦t❡ t❤❛t ✐♥ t❤✐s ❡q✉❛t✐♦♥✱ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♥❣
❞✐str✐❜✉t✐♦♥ q∗i (Zi) ❞❡♣❡♥❞s ♦♥ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ log ♦❢ t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥
✇rt✳ ❛❧❧ ♦t❤❡r ✈❛r✐❛t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s✳ ■♥ t❤❛t s❡♥s❡✱ ✭✸✻✮ ✐♥❞✐❝❛t❡s ❛ s❡t ♦❢
❡q✉❛t✐♦♥s ❢♦r i = {1, . . . ,M}✳ ❚❤❡r❡❢♦r❡ ❛♥ ✐t❡r❛t✐✈❡ ✉♣❞❛t❡ ♣r♦❝❡❞✉r❡ ✐s ♥❡❡❞❡❞✳
❆❢t❡r ♣r♦♣❡r ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ ❛❧❧ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s✱ ❡❛❝❤ ❞✐str✐❜✉t✐♦♥
✐s ✉♣❞❛t❡❞ ✐♥ ❛♥ ✐t❡r❛t✐✈❡ ❝②❝❧❡✳
■♥ ♣r❛❝t✐❝❡✱ ✭✸✻✮ ✐s ❛♣♣❧✐❝❛❜❧❡ ♦♥❧② ✇❤❡♥ Ei′ 6=i[log p(X,Z)] ✐s ❝♦♠♣✉t❛❜❧❡ ✐♥
❝❧♦s❡❞ ❢♦r♠ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❦♥♦✇♥ ♣❛r❛♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥ ❢♦r ✇❤✐❝❤ t❤❡
♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t ✐s ❝♦♠♣✉t❛❜❧❡ ✐♥ ❝❧♦s❡❞ ❢♦r♠✳ ❲❤❡♥ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱
p(X,Z) ♠✉st ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r ✇❤✐❝❤ t❤❡ r❡s✉❧t✐♥❣ ❛♣♣r♦①✐♠❛t✲
✐♥❣ ❞✐str✐❜✉t✐♦♥ ❜❡❝♦♠❡s tr❛❝t❛❜❧❡✳
▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣❛r❛♠❡tr✐❝ t❤❡ ❧♦✇❡r ❜♦✉♥❞ f(X,Z,Ω) ♦❢ p(X,Z) s✉❝❤
t❤❛t
p(X,Z) ≥ f(X,Z,Ω), ✭✸✼✮
✇❤❡r❡ Ω ✐s ❛ s❡t ♦❢ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s✳ ❯s✐♥❣ t❤✐s ❞❡✜♥✐t✐♦♥✱ ✇❡ ❞❡✜♥❡ B✱ ✇❤✐❝❤
❢✉rt❤❡r ❧♦✇❡r ❜♦✉♥❞s L ❛s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣






❯s✐♥❣ B(q,Ω)✱ ✇❡ r❡✇r✐t❡ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ ✐♥ ✭✷✼✮ ❛s ❢♦❧❧♦✇s
log p(X) = max
Ω
B(q,Ω) + (L (q)−max
Ω
B(q,Ω)) +KL(q||p). ✭✸✾✮
❍❡r❡ ✇❡ ♠❛①✐♠✐③❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ B(q,Ω) ✇rt✳ Ω✱ ✇❤✐❝❤ t✐❣❤t❡♥s t❤❡ ❧♦✇❡r
❜♦✉♥❞ t♦ t❤❡ ❢r❡❡ ❡♥❡r❣② L (q)✳ ❯s✐♥❣ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✸✵✮






dZi + const, ✭✹✵✮







= Ei′ 6=i[log f(X,Z,Ω)] + const, ✭✹✶✮
❘❚ ♥➦ ✹✷✸
✶✵ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t
✇❤❡r❡ t❤❡ ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t ✐s s✉❝❤ t❤❛t f˜(X,Zi,Ω) ✐s ❛ ♣r♦♣❡r ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥✳
❍❡♥❝❡✱ ♠❛①✐♠✐③✐♥❣ t❤❡ ❧♦✇❡r ❜♦✉♥❞ B(q,Ω) ✇rt✳ qi(Zi) ♠✐♥✐♠✐③❡s ❛♥ ❛♣✲
♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ❑▲✲❞✐✈❡r❣❡♥❝❡ ❜❡t✇❡❡♥ q(Z) ❛♥❞ t❤❡ tr✉❡ ♣♦st❡r✐♦r ❞✐str✐✲
❜✉t✐♦♥ p(Z|X)✳
❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t✇♦ ❛❧t❡r♥❛t✐✈❡ st❡♣s ②✐❡❧❞s t❤❡ ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥
❢♦r t❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s q∗i ✳ ■♥ t❤❡ ✜rst st❡♣✱ ✇❡ ♠❛①✐♠✐③❡
t❤❡ ❧♦✇❡r ❜♦✉♥❞ B(q,Ω) t♦ t❤❡ ❢r❡❡ ❡♥❡r❣② L (q) ✇rt✳ t❤❡ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s Ω✱
✇❤✐❝❤ t✐❣❤t❡♥s t❤❡ ❧♦✇❡r ❜♦✉♥❞✱ ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡ ♠❛①✐♠✐③❡ B(q,Ω)
✇rt✳ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s qi✳
❚❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ q∗i (Zi) ✐s ❣✐✈❡♥ ❜②
q∗i (Zi) = f˜(X,Zi,Ω). ✭✹✷✮
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛❞♦♣t t❤✐s str❛t❡❣② ❢♦r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✲
✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ♠✉❧t✐❧❡✈❡❧ ◆▼❋ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ s♦✉r❝❡ ❝♦♠✲
♣♦♥❡♥ts s✐♥❝❡ E[log p(S|V)] ✐s ♥♦t tr❛❝t❛❜❧❡ ✐♥ ❝❧♦s❡❞ ❢♦r♠ ❛s ✇❡ ✇✐❧❧ s❤♦✇ ✐♥
❙❡❝t✐♦♥ ✷✳✷✳✶✳
✷✳✷ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ Pr♦♣♦s❡❞ ▼♦❞❡❧
P✉rs✉✐♥❣ t❤❡ ❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛♥












































❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✶
✷✳✷✳✶ ❆✉①✐❧✐❛r② ❱❛r✐❛❜❧❡s
❋♦r t❤❡ s❛❦❡ ♦❢ r❡❛❞✐❜✐❧✐t②✱ ❧❡t ✉s ❞❡✜♥❡ η = {k,m, l} t❤❡ ❥♦✐♥t ✐♥❞❡① ♦❢ t❤❡
❡①❝✐t❛t✐♦♥ ◆❚❋ ♣❛r❛♠❡t❡rs ❛♥❞ η′ = {k′,m′, l′} t❤❡ ❥♦✐♥t ✐♥❞❡① ♦❢ t❤❡ ✜❧t❡r
◆❚❋ ♣❛r❛♠❡t❡rs✳ ❲✐t❤ t❤❡s❡ ❥♦✐♥t ✐♥❞✐❝❡s ❧❡t ✉s ❢✉rt❤❡r ❞❡✜♥❡ vj,fn,η,η′ ❛s t❤❡


















▲❡t ✉s ❢✉rt❤❡r ❞❡✜♥❡ vexj,fn,η ❛s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❡①❝✐t❛t✐♦♥ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡



















❍❛✈✐♥❣ ❞❡✜♥❡❞ t❤❡s❡ ♥♦t❛t✐♦♥s✱ ❧❡t ✉s ❤❛✈❡ ❛ ❧♦♦❦ ❛t E[log p(S|V)] ♠♦r❡ ❝❧♦s❡❧②✿





































































❆s ♦♥❡ ❝❛♥ ❡❛s✐❧② s❡❡✱ ♥♦♥❡ ♦❢ t❤❡ t✇♦ ❡①♣❡❝t❛t✐♦♥s ✐♥ t❤✐s ❡q✉❛t✐♦♥ ❛❜♦✈❡
✐s tr❛❝t❛❜❧❡✳ ❙♦✱ ✇❡ r❡s♦rt t♦ t❤❡ ❛❧t❡r♥❛t✐✈❡ ♠❡t❤♦❞✱ ✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥
❙❡❝t✐♦♥ ✷✳✶ ❛♥❞ ❧♦✇❡r ❜♦✉♥❞ p(S|V) ❛s ♣r♦♣♦s❡❞ ✐♥ ❬✸❪✳
❋♦r t❤❡ ✜rst ❡①♣❡❝t❛t✐♦♥✱ ❣✐✈❡♥ t❤❛t x → − log x ✐s ❝♦♥✈❡①✱ ✇❡ ❝❛♥ ❧♦✇❡r
❜♦✉♥❞ ✐t ❜② ✐ts ✜rst✲♦r❞❡r ❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥ ❛r♦✉♥❞ ❛♥ ❛r❜✐tr❛r② ♣♦s✐t✐✈❡























❋♦r t❤❡ s❡❝♦♥❞ ❡①♣❡❝t❛t✐♦♥✱ ❣✐✈❡♥ t❤❛t x → −1
x





η′ φj,fn,η,η′ = 1✱ ✉s✐♥❣ ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t②✿
❘❚ ♥➦ ✹✷✸

























❲✐t❤ t❤❡s❡ t✇♦ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❝❛♥ ❧♦✇❡r ❜♦✉♥❞ log p(S|V) ✉s✐♥❣ t❤❡ ❛✉①✲
✐❧✐❛r② ✈❛r✐❛❜❧❡s Ω = {{ωj,fn}j,fn, {φj,fn,η,η′}j,fn,η,η′} ❛s ❢♦❧❧♦✇s
































✷✳✷✳✷ ❚✐❣❤t❡♥✐♥❣ t❤❡ ❇♦✉♥❞ ✇rt✳ t❤❡ ❆✉①✐❧✐❛r② ❱❛r✐❛❜❧❡s
❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❢♦r Ω ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♠❛①✐♠✐③✐♥❣ t❤❡ ❜♦✉♥❞ B(q,Ω)✳
❈♦♥❝❡r♥✐♥❣ ωj,fn✱ ✇❡ s✐♠♣❧② t❛❦❡ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❜♦✉♥❞ B(q,Ω)
✇✳r✳t✳ ωj,fn ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②





















































❋♦r φj,fn,η,η′ ✱ ✇❡ ✉s❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs δj,fn✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♥str❛✐♥t✳





























❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✸
❚❛❦✐♥❣ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ φj,fn,η,η′ ❛♥❞ δj,fn ②✐❡❧❞s t❤❡

















































✷✳✷✳✸ ❱❛r✐❛t✐♦♥❛❧ ❯♣❞❛t❡s ❢♦r t❤❡ ◆❚❋ P❛r❛♠❡t❡rs
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❞❡t❡r♠✐♥❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ q ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ◆❚❋
♣❛r❛♠❡t❡rs ❛♥❞ ❞❡r✐✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s✳ ❋♦r t❤✐s ✇❡ ✇✐❧❧ ✉s❡
t❤❡ t❡♠♣❧❛t❡ ❣✐✈❡♥ ✐♥ ✭✹✶✱ ✹✷✮✳
❯♣❞❛t❡ ❊q✉❛t✐♦♥s ❢♦r wexj,fl✿ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ f˜(X, w
ex
j,fl,Ω)
❞❡✜♥❡❞ ✐♥ ✭✹✶✮ ✐s ❣✐✈❡♥ ❜②













































− logwexj,fl + const. ✭✺✾✮
❖❜s❡r✈✐♥❣ t❤✐s ❞✐str✐❜✉t✐♦♥✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t ✐t ✐♥✈♦❧✈❡s ❛ ❧✐♥❡❛r t❡r♠ ✐♥
logwexj,fl✱ ❛ ❧✐♥❡❛r t❡r♠ ✐♥ w
ex




✳ ❚❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✲
✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ q∗(wexj,fl) ✐s ❤❡♥❝❡ ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ✐♥✈❡rs❡
●❛✉ss✐❛♥ ✭●■●✮ ❞✐str✐❜✉t✐♦♥✱ ✇❤♦s❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭P❉❋✮ ✐s
❣✐✈❡♥ ❜②
GIG(y; γ, ρ, τ) =









❢♦r y ≥ 0✱ ρ ≥ 0 ❛♥❞ τ ≥ 0✱ ✇❤❡r❡ Kγ(·) ✐s t❤❡ ♠♦❞✐✜❡❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
s❡❝♦♥❞ ❦✐♥❞✳ ❚❤❡ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ●■● ❞✐str✐❜✉t✐♦♥ ❬✹❪
✇❤❡♥ τ = 0 ❛♥❞ γ > 0✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ✐♥✈❡rs❡ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ✐s ❛♥♦t❤❡r
s♣❡❝✐❛❧ ❝❛s❡ ❬✹❪ ✇❤❡♥ ρ = 0 ❛♥❞ γ < 0✳
■♥ t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ P❉❋ ♦❢ t❤❡ ●■● ❞✐str✐❜✉t✐♦♥✱ ✇❡ ❝❛♥ ♠❛t❝❤ τ
y
t♦
t❤❡ ✜rst ❧✐♥❡ ♦❢ ✭✺✾✮ ✐♥ ❛ ✏❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✑ ❢❛s❤✐♦♥ ❬✷❪✳ ❙✐♠✐❧❛r❧②✱ ρy ✐s
❘❚ ♥➦ ✹✷✸
✶✹ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t
♠❛t❝❤❡❞ t♦ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ♦❢ ✭✺✾✮✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❛st ❧✐♥❡ ♦❢ ✭✺✾✮ ✐s ♠❛t❝❤❡❞ t♦
(γ − 1) log y✳ ❇② ❞♦✐♥❣ t❤✐s ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡












































γexw,j,fl = 0. ✭✻✸✮





































































































◆♦t❡ t❤❛t ✐♥ ✭✻✺✮✱ t❤❡ ♣♦✇❡r ♦♣❡r❛t✐♦♥s ❧✐❦❡ X.−a ❛r❡ ❡❧❡♠❡♥t✲✇✐s❡ ♦♣❡r❛✲
t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s②♠❜♦❧ ⊙ ♠❡❛♥s ❡❧❡♠❡♥t✲✇✐s❡ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥✳






































❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✺
❋♦r t❤❡ ♦t❤❡r ◆❚❋ ♣❛r❛♠❡t❡rs✱ t❤❡ ❞❡r✐✈❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ❜② ❢♦❧❧♦✇✐♥❣
t❤❡ s❛♠❡ st❡♣s✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ s❦✐♣ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥s
❛♥❞ ❣✐✈❡ ♦♥❧② t❤❡ ✜♥❛❧ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s✳
❯♣❞❛t❡ ❊q✉❛t✐♦♥s ❢♦r uexj,lk✿ ❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r τ
ex












































































❚❤❡ ♠❛tr✐① ❢♦r♠ ✐❢ ❣✐✈❡♥ ❜②
ρ
ex











γexu,j,lk = 0. ✭✼✷✮
❯♣❞❛t❡ ❊q✉❛t✐♦♥s ❢♦r gexj,km ✿ ❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r τ
ex
g,j,km ✐s ✇r✐tt❡♥ ❛s
❢♦❧❧♦✇s



























❚❤❡ ♠❛tr✐① ✈❡rs✐♦♥ ✐s
❘❚ ♥➦ ✹✷✸































































❙✐♠✐❧❛r t♦ t❤❡ ♦t❤❡r ◆❚❋ ♣❛r❛♠❡t❡rs ❛❜♦✈❡✱
γexg,j,km = 0. ✭✼✼✮




























































































❆s ✇✐t❤ ❛❧❧ t❤❡ ♦t❤❡r ◆❚❋ ♣❛r❛♠❡t❡rs✱
γexh,j,km = 0. ✭✽✷✮
■♥r✐❛
❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✼
❊①♣❡❝t❛t✐♦♥s t♦ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ◆❚❋
♣❛r❛♠❡t❡rs ❚❤❡ ❡①♣❡❝t❛t✐♦♥ E[|sjr,fn|.2] ✐♥ ✭✻✶✮✱ ✭✻✽✮✱ ✭✼✸✮ ❛♥❞ ✭✼✽✮ ✐s ❝❛❧✲
❝✉❧❛t❡❞ ❛s
E[|sjr,fn|2] = |(µs,fn)jr|2 + (Rss,fn)jr,jr ✭✽✸✮
✇❤❡r❡ µs,fn ❛♥❞ Rss,fn ❛r❡ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ♣♦st❡r✐♦r ♠♦♠❡♥ts ♦❢ sfn
❞❡r✐✈❡❞ ❜❡❧♦✇ ✐♥ ✭✾✶✮ ❛♥❞ ✭✾✷✮✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ t❤❡ ◆❚❋ ♣❛r❛♠❡t❡rs
✐♥ ✭✻✷✮✱ ✭✼✵✮✱ ✭✼✺✮✱ ✭✽✵✮ ❛♥❞ ✭✻✶✮✱ ✭✻✽✮✱ ✭✼✸✮ ❛♥❞ ✭✼✽✮ ❛r❡ ❝♦♠♣✉t❡❞ ✈✐❛ t❤❡
















E[Vexj ] ✐s ♦❜t❛✐♥❡❞ ❛s




























❋♦r t❤❡ ✜❧t❡r ◆❚❋ ♣❛r❛♠❡t❡rs✱ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ✐s
s✐♠✐❧❛r t♦ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❡①❝✐t❛t✐♦♥ ◆❚❋ ♣❛r❛♠❡t❡rs ❛♥❞ s♦ ❛r❡ t❤❡ ✜♥❛❧
✉♣❞❛t❡ ❡q✉❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ s❦✐♣ t❤❡♠ ❤❡r❡✳
✷✳✷✳✹ ❱❛r✐❛t✐♦♥❛❧ ❯♣❞❛t❡s ❢♦r t❤❡ ❙♦✉r❝❡ ❈♦♠♣♦♥❡♥ts
❚❤❡ ❞✐str✐❜✉t✐♦♥ f˜(X, sfn,Ω) ♦❢ t❤❡ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts sfn ✐s ❣✐✈❡♥ ❜②
































❘❡♣❧❛❝✐♥❣ φj,fn,η,η′ ✇✐t❤ ✐ts ✈❛❧✉❡ s❤♦✇♥ ✐♥ ✭✺✼✮ ②✐❡❧❞s

















− sHfnCfn−1sfn + const, ✭✽✾✮
✇❤❡r❡ µA,f ❛♥❞ RA,f ❛r❡ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ♣♦st❡r✐♦r r❛✇ ♠♦♠❡♥ts




✶✽ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t
❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ t❤❡ ♠❛✐♥ ❞✐❛❣♦♥❛❧ ❝♦♥t❛✐♥✐♥❣ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❢❛❝t♦r
Cj,fn
−1 r❡♣❡❛t❡❞ Rj t✐♠❡s ❢♦r ❡❛❝❤ j✳
❚❤✐s ❞✐str✐❜✉t✐♦♥ ✐♥✈♦❧✈❡s ❛ ❧✐♥❡❛r t❡r♠ ✐♥ sfn✱ ✐ts ❝♦♥❥✉❣❛t❡✱ ❛♥❞ q✉❛❞r❛t✐❝
t❡r♠s✳ ❚❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐s t❤✉s ❛ ●❛✉ss✐❛♥ ❣✐✈❡♥ ❜②
sfn ∼ N (µs,fn,Rss,fn). ✭✾✵✮
❇② ✏❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✑ ✇✳r✳t✳ µs,fn ❛♥❞ Rss,fn ✐♥ ✭✽✾✮ ✇❡ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡
❡q✉❛t✐♦♥s ❢♦r t❤❡s❡ t✇♦ ♣❛r❛♠❡t❡rs✳ ❋✐rst ✇❡ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡
❝♦✈❛r✐❛♥❝❡✳ ❋♦r t❤✐s✱ ✇❡ r❡❛rr❛♥❣❡ t❤❡ q✉❛❞r❛t✐❝ t❡r♠s ♠❛❦❡ t❤❡♠ ❡q✉❛❧ t♦
−sHfnR−1ss,fnsfn✳ ❇② ❞♦✐♥❣ t❤✐s ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
Rss,fn = (Cfn
−1 + (σ2b I)
−1RA,f )
−1
= Cfn −Cfn(σ2b I+RA,fCfn)−1RA,fCfn, ✭✾✶✮
◆♦t❡ t❤❛t ✇❡ ✉s❡❞ t❤❡ ❲♦♦❞❜✉r② ♠❛tr✐① ✐❞❡♥t✐t② ❬✷❪ ❢♦r t❤❡ ✐♥✈❡rs✐♦♥ ❤❡r❡✳
❙✐♠✐❧❛r❧② ❢♦r t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♠❡❛♥✱ ✇❡ ❛rr❛♥❣❡ t❤❡ ❧✐♥❡❛r t❡r♠s ♦❢














✷✳✷✳✺ ❱❛r✐❛t✐♦♥❛❧ ❯♣❞❛t❡s ❢♦r t❤❡ ▼✐①✐♥❣ P❛r❛♠❡t❡rs
❚❤❡ ❞✐str✐❜✉t✐♦♥ f˜(X,Af ,Ω) ♦❢ t❤❡ r❡s❤❛♣❡❞ ♠✐①✐♥❣ ♣❛r❛♠❡t❡rs Af ✐s ❣✐✈❡♥
❜②




























❙✐♠✐❧❛r❧②✱ t❤❡ ❝r♦ss ♠♦♠❡♥t Rxs,fn ✐s ❣✐✈❡♥ ❜②
Rxs,fn = [x1,fnµ
H




◆♦t❡ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ✈❛♥✐s❤❡s✱ ❜❡❝❛✉s❡ ✇❡ ❛s✲
s✉♠❡❞ ❛ ✢❛t ♣r✐♦r✳ ❆❧s♦ ♥♦t❡ t❤❛t ❞✉❡ t♦ t❤❡ r❡s❤❛♣✐♥❣ ♦❢ t❤❡ ♠✐①✐♥❣ ♠❛tr✐① Af
✐♥t♦ ❛ ✈❡❝t♦r Af ✱ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❡✳❣✳ Afsfn ❜❡❝❛♠❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ♦❢
t✇♦ ✈❡❝t♦rs✳ ❆s ❛ r❡s✉❧t ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♠✐s♠❛t❝❤ t❤❡ ✈❡❝t♦r ♠✉❧t✐♣❧✐❝❛✲
t✐♦♥ ❝❛♥♥♦t ❜❡ ♣❡r❢♦r♠❡❞ ❛♥② ♠♦r❡✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❣✐✈❡♥ ❡①❛♠♣❧❡ ❡❛❝❤ r♦✇ ♦❢
t❤❡ ♠✐①✐♥❣ ♠❛tr✐①✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ ❡❛❝❤ ❝❤❛♥♥❡❧ ♦❢ t❤❡ ♠✐①t✉r❡ r❡s♣❡❝t✐✈❡❧②
■♥r✐❛
❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✶✾




✐♥❞✐❝❛t✐♥❣ ❛ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ♠❛tr✐①✱ ✇❤❡r❡ Rs,fn ✐s r❡♣❡❛t❡❞ ♦♥ t❤❡ ❞✐❛❣♦♥❛❧ I
t✐♠❡s✳ ❙✐♠✐❧❛r❧②✱ Rxs,fn ✐s ❝♦♠♣♦s❡❞ ♦❢ ♠✉❧t✐♣❧②✐♥❣ µ
H
s,fn ✇✐t❤ ❡❛❝❤ ❝❤❛♥♥❡❧ ♦❢
t❤❡ ♠✐①t✉r❡✳
❚❤❡ ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ ✐♥ ✭✾✸✮ ✐♥✈♦❧✈❡s ❛ ❧✐♥❡❛r t❡r♠ ✐♥Af ✱ ✐ts ❝♦♥❥✉❣❛t❡✱ ❛♥❞
❛ q✉❛❞r❛t✐❝ t❡r♠✳ ❍❡♥❝❡✱ t❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐s ❛ ●❛✉ss✐❛♥
❣✐✈❡♥ ❜②
Af ∼ N (µA,f ,RAA,f ). ✭✾✻✮
❇② ✏❝♦♠♣❧❡t✐♥❣ t❤❡ sq✉❛r❡✑ ✇rt✳ µA,f ❛♥❞ RAA,f ✐♥ ✭✾✸✮ ✇❡ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡
❡q✉❛t✐♦♥s ❢♦r t❤❡s❡ t✇♦ ♣❛r❛♠❡t❡rs✳ ❋✐rst ✇❡ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡
❝♦✈❛r✐❛♥❝❡✳ ❋♦r t❤✐s✱ ✇❡ r❡❛rr❛♥❣❡ t❤❡ q✉❛❞r❛t✐❝ t❡r♠s ♠❛❦❡ t❤❡♠ ❡q✉❛❧ t♦

























❘❡❝❛❧❧ t❤❛t ✇❡ r❡s❤❛♣❡❞ t❤❡ ♠✐①✐♥❣ ♠❛tr✐① ✐♥t♦ ❛ ✈❡❝t♦r ❛♥❞ ❝❛❧❝✉❧❛t❡❞
t❤❡ ♦♣t✐♠❛❧ ❛❝t♦r ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ✇❡ ❞❡✜♥❡❞ ❢♦r t❤❡ ✈❡❝t♦r ❢♦r♠ ♠✐①✐♥❣
s②st❡♠✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞ t♦ r❡s❤❛♣❡ t❤❡ ♠✐①✐♥❣ ♣❛r❛♠❡t❡rs ✐♥t♦ ❛ ♠❛tr✐① ❛♥❞
❝♦♥s✐❞❡r t❤❡ ✐♥t❡r✲❝❤❛♥♥❡❧ r❡❧❛t✐♦♥s❤✐♣s ✇✐t❤✐♥ t❤❡ ♠✐①✐♥❣ ♠❛tr✐① t♦ ❝❛❧❝✉❧❛t❡
t❤❡ ❡①♣❡❝t❛t✐♦♥s✳ ❍❡♥❝❡✱ ❢r♦♠ t❤❡ ❣✐✈❡♥ ❡q✉❛t✐♦♥s ❛❜♦✈❡✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡
















f ] = µA,fµA,f
H +RAA,f . ✭✶✵✵✮
❙✐♠✐❧❛r❧②✱ t❤❡ ✜rst ♦r❞❡r ♠♦♠❡♥t µA,f ✐s s✐♠♣❧② ♦❜t❛✐♥❡❞ ❜② r❡s❤❛♣✐♥❣ µ
H
A,f
❜❛❝❦ ✐♥t♦ ❛ ♠❛tr✐①
µA,f (i, 1 . . . R) = (µA,f )((i−1)R+1,...,iR). ✭✶✵✶✮
✷✳✸ ▲♦✇❡r ❇♦✉♥❞
❲❡ ❝❛❧❝✉❧❛t❡ t❤❡ ♥❡✇ ❧♦✇❡r ❜♦✉♥❞ B(q,Ω) ❛❢t❡r ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ❍❡r❡ ✇❡ ❝♦♠✲
♣❛r❡ t❤❡ ♥❡✇ ❧♦✇❡r ❜♦✉♥❞ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ❛♥❞ s❡t ❛ t❡r♠✐♥❛t✐♦♥ ❝♦♥❞✐t✐♦♥
❛❝❝♦r❞✐♥❣ t♦ t❤✐s ❝❤❛♥❣❡✳ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ s❤♦✉❧❞ ♥❡✈❡r ❞❡❝r❡❛s❡✳ ❚❤✐s ❢❛❝t
❡♥❛❜❧❡s ✉s t♦ ❝❤❡❝❦ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡✐r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r t❤❡✐r
❘❚ ♥➦ ✹✷✸
✷✵ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t
❝♦rr❡❝t♥❡ss✳ ■♥ ❣❡♥❡r❛❧✱ ✐❢ t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✐s ✐♥s✐❣♥✐✜❝❛♥t ❝♦♠✲
♣❛r❡❞ t♦ ♣r❡✈✐♦✉s ✐t❡r❛t✐♦♥s✱ ✇❡ st♦♣✳ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❞❡✜♥❡❞
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
B(q,Ω) = E[log p(X|S,A)]
+ E
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+ E[log p(A)]− E[log q(A)]
+ E[log p(Wex)]− E[log q(Wex)]
+ E[log p(Wft)]− E[log q(Wft)]
+ E[log p(Uex)]− E[log q(Uex)]
+ E[log p(Uft)]− E[log q(Uft)]
+ E[log p(Gex)]− E[log q(Gex)]
+ E[log p(Gft)]− E[log q(Gft)]
+ E[log p(Hex)]− E[log q(Hex)]
+ E[log p(Hft)]− E[log q(Hft)]. ✭✶✵✷✮
◆♦t❡ t❤❛t ❢♦r E[p(S|V)] ✇❡ ✉s❡❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❡ ❞❡r✐✈❡❞ ✇❤✐❝❤ ✐s
s❤♦✇♥ ✐♥ ✭✺✶✮✳
❆❧s♦ ♥♦t❡ t❤❛t ❢♦r ❛❧❧ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✱ t❤❡ ❡①♣❡❝t❛t✐♦♥s ♦❢ t❤❡ log ♦❢
t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ q ❞✐str✐❜✉t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ t❤❡✐r ♥❡❣❛t✐✈❡ ❡♥tr♦♣✐❡s✳ ◆♦t❡
❛❧s♦ t❤❛t t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❝♦♥s✐sts ♦❢ t❤❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡
♣r✐♦r ❞✐str✐❜✉t✐♦♥ ✭p ❞✐str✐❜✉t✐♦♥✮ ♠✐♥✉s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡
✈❛r✐❛t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ✭q ❞✐str✐❜✉t✐♦♥✮ ♣❛✐rs ❡①❝❡♣t ❢♦r t❤❡ log✲❧✐❦❡❧✐❤♦♦❞✳ ❋♦r
t❤❡ log✲❧✐❦❡❧✐❤♦♦❞✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❛s ❢♦❧❧♦✇s
■♥r✐❛
❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❢♦r ❙♦✉r❝❡ ❙❡♣❛r❛t✐♦♥ ❛♥❞ ❋❡❛t✉r❡ ❊①tr❛❝t✐♦♥ ✷✶
E[log p(X|S,A)] = E
[∑
f,n




















(xHfnxfn − xHfnE[Af ]E[sfn]

































❋♦r t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ p(S|V)✱ ✕t❤❡ s❡❝♦♥❞✱ t❤✐r❞ ❛♥❞
❢♦✉rt❤ ❧✐♥❡s ♦❢ ✭✶✵✷✮✕ ✇❡ ✜rst r❡♣❧❛❝❡ t❤❡ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s ✇✐t❤ t❤❡✐r ✈❛❧✉❡s
❣✐✈❡♥ ✐♥ ✭✺✸✱ ✺✼✮ ❛s ❢♦❧❧♦✇s































❛r❡ ❝♦♠♣✉t❡❞ ❢♦r ❡❛❝❤ ◆❚❋ ❝♦♠♣♦♥❡♥t ✐♥❞✐✈✐❞✉❛❧❧② ❛s ❣✐✈❡♥ ✐♥
✭✽✹✱ ✽✺✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ E[|sjr,fn|2] ✐s t❤❡ s❡❝♦♥❞ r❛✇ ♠♦♠❡♥t ♦❢
s♦✉r❝❡ ❝♦♠♣♦♥❡♥t sjr,fn ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ ✭✾✹✮✳
❚❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥
♦❢ t❤❡ s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts q(S) ✐s ❣✐✈❡♥ ❜②








❆❜♦✉t t❤❡ ♠✐①✐♥❣ ♠❛tr✐①✱ ✇❡ r❡♠✐♥❞ ②♦✉ t❤❛t t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
♠✐①✐♥❣ ❝♦❡✣❝✐❡♥ts ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞✱ ❜❡❝❛✉s❡ ✐t ✐s ✢❛t✳ ❚❤❡
❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠✐①✐♥❣ ❝♦❡✣❝✐❡♥ts
✐s ❣✐✈❡♥ ❜②
❘❚ ♥➦ ✹✷✸
✷✷ ❆❞✐❧♦➜✉ ✫ ❱✐♥❝❡♥t
E[log p(A)]− E[log q(A)] = −
∑
f






















(ln ρexw,j,c,fl − ln τ exw,j,c,fl).
✭✶✵✻✮
◆♦t❡ t❤❛t ❢♦r γexw,j,c,fl = 0✱ t❤❡ t❤✐r❞ ❧✐♥❡ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ❞✐s❛♣♣❡❛rs✳ ❚❤❡
❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♦t❤❡r ◆❚❋ ♣❛r❛♠❡t❡rs t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞
✐s ❝❛❧❝✉❧❛t❡❞ s✐♠✐❧❛r❧② ❛s ❣✐✈❡♥ ✐♥ ✭✶✵✻✮✳
✷✳✹ ❙✉♠♠❛r② ♦❢ t❤❡ ❆❧❣♦r✐t❤♠
❚❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s r❡q✉✐r❡ t❤❡ ❡✈❛❧✉❛✲
t✐♦♥ ♦❢ s♦♠❡ ❡①♣❡❝t❛t✐♦♥s✳ ❚❤❡s❡ ❡①♣❡❝t❛t✐♦♥s ❛r❡ t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ♦t❤❡r ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡r❡❢♦r❡ ❛♥ ✐t❡r❛t✐✈❡ ✉♣❞❛t❡ ♣r♦❝❡❞✉r❡ s✐♠✐❧❛r t♦
t❤❡ ❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥ ✭❊✲▼✮ ❛❧❣♦r✐t❤♠ ✐s ❢♦❧❧♦✇❡❞✳ ■♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧
❊✲st❡♣✱ t❤❡s❡ ❡①♣❡❝t❛t✐♦♥s ❛r❡ ❝❛❧❝✉❧❛t❡❞✳ ■♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ▼✲st❡♣✱ t❤❡ ❛♣✲
♣r♦①✐♠❛t✐♥❣ ❞✐str✐❜✉t✐♦♥s ❛r❡ r❡✲❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ♥❡✇ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡s✳
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